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1 Introduction 



Interpolating gauges in Yang-Mills theories have been used for renormalizability purposes and 
in order to understand the behavior of gauge invariant operators ^ |U E3 0]. In P, a gauge 
fixing interpolating between the Coulomb gauge and the Landau gauge has been discussed and 
its renormalizability established. Further, a gauge which interpolates between the Landau and 
the maximal Abelian gauge (MAG) was constructed in ,2,,. In this work this interpolating gauge 
was used in order to study the vacuum energy in the MAG. It has been shown in ^ |2] that 
those two types of interpolating gauges are renormalizable to all orders in perturbation theory. 
A generalization which connects these two class of gauges was proposed and analyzed at the 
classical level in j3], providing thus a gauge which interpolates between the Coulomb, the Lan- 
dau and the maximal Abelian gauges (the CLM gauge). 

We point out that these three gauges (Coulomb, Landau, MAG) have been used to understand 
specific aspects of the nonperturbative infrared region of Yang-Mills theories, from theoretical 
as well as from lattice numerical simulations and phenomenological point of views. Therefore, 
a generalized gauge fixing interpolating among all these three gauges might be helpful in order 
to achieve a unifying picture of the behavior of gauge invariant quantities like, for instance, the 
vacuum energy. 

Remarkably, the three gauges discussed here can be obtained through the minimization of a 
suitable functional, a feature which allows to construct a lattice formulation of these gauge con- 
ditions. Not surprisingly, the gauge fixing which interpolates among those three gauges turns 
out, in a suitable limit, to be defined as a minimization of an interpolating functional, making 
possible the implementation of a lattice formulation, see Appendix lAl 

In this work we discuss the quantum aspects of the interpolating gauge, our main result be- 
ing that of establishing the all orders multiplicative renormalizability of this generalized gauge. 
In section 2 we review the construction of the CLM interpolating gauge introduced in [I]. In 
section 3 we explain how to control the breaking of the Lorentz invariance due to the gauge 
fixing. The proof of the multiplicative renormalizability is given in section 4. Finally, in section 
5 we provide our conclusions. 



2 Interpolating gauge fixing 

In order to introduce the Coulomb-Landau-Maximal Abelian (CLM) interpolating gauge let us 
briefly fix the notation. According to the notation used in !2j, we decompose the gauge field A A , 
A € {1, . . . , N 2 — 1}, into off-diagonal and diagonal components, namely 

A A T A = A a ^T a + A^T , (1) 

where T A are the anti-hermitian, = —T, generators of the gauge group SU(N), [T A ,T B ~\ = 
jABCrpC _ rp^g j n( jj ces fajy label the N — 1 diagonal generators of the Cartan subalgebra. The 
remaining N(N — 1) off-diagonal generators will be labelled by the indices a, b, c, 
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For the nilpotent BRST transformations of the fields, we have 



SnA a 


= -(D ab c b + af abc A b c c 


S fl4 




s g c a 


= gf abi c b c l + 9 -f bc c b c c 


SgC 1 


= g -f abt c a c b , 




= b a , s g b a = , 


SgC' 


= b\ SgV = 0. 



where (c*,<?), (c a ,c a ) stand for the diagonal and off-diagonal Faddeev-Popov ghosts, while 
(b l ,b a ) denote the diagonal and off-diagonal Lagrange multipliers. The covariant derivative 
D° b in eq.© is defined as 

Df = 5 ab d lx -gf ab %. (3) 
Concerning the field strength = (F l , F®), we have 

F« v = D ab A b v - D*Al + gf*^K , (4) 
Thus, for the Yang-Mills action one has 



»7M 



\ J faF^F* = \J*x {F^F% + F^) . (5) 



In order to interpolate between the Coulomb, the Landau and the maximal Abelian gauges, 
we introduce the following, power counting renormalizable, gauge fixing term 



S, 



gf 



d A x 



<•' ( r/„„<Vi;', +!lK li! ,f"'"A l ; r V r f % a - ^gf abl c b c l - £gf"'"c''c- ) + 

(6)" 



where ow, huv, kn U and Knv are diagonal constant matrices defined as 



diag(l, 1, 1, a) , 
huv = diag(l, 1, 1, h) , 



k 



and, {a, h, k s , h, a, (3} are gauge parameters. 



diag(/c s , k s ,k s ,k t ) , 

diag (k s -l,k s - 1, k s - 1, a(k t - 1)) , 



(7) 
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The explicit expression for S g f reads 



S, 



gf 



d A x < b a 



eabi i\b At i ^ ta „,„ fabi-b A @ n fabc-b„c 



a^A a v + gK ilu f ab% A b A l u + -b a - agf ">»<*><? - ^-gf abc c b c c 



pafej /( a „b 



eabi a -a /i b „i 



cacd-a < 



tc „d 



6c „c 



eabi rcdi-ad 



+ fK^rHf^A^AZtfc? + g 2 K^r bl f bcd A^A c u ^c d - ^g 2 f M f cdl <f<?c c d 
- jff^f^&FM - ^g 2 f abc f ade c b cfc d c e 



The gauge fixed action is then 



S = Sym + Sgf . 



(8) 
(9) 



where Sym an d S g f are given by (J5J) and (JBJ), respectively. 
The various gauges are attained in the following way. 
• The Landau gauge is achieved by setting 

K^ v = a = (3 



namely 



a = h = kf = k q 



3[IU 1 

. 



1 • 



(10) 



a = p = . (11) 
Substitution of the values (fTTj) in the action (jSJ provides the Landau gauge fixing, 

S L = s g j d 4 x {efd^ + 0^4) =s g j d 4 x {c A d^A A ) , (12) 
• The Coulomb gauge is achieved by setting 



diag(l, 1,1,0) , 



K, 



a = P = , 



(13) 



i.e. 



a = h = a = (5 
kt = k<> 



The substitution of (JT4*|) in the action (JSJ) gives the Coulomb gauge fixing, 
S c = s g [ d 4 x {<?d k A% + ed k A{) =s g f <?x c A d k A A . 



(14) 



(15) 
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The Maximal Abelian gauge is achieved by setting 



K, 



p 



a 



(16) 



i.e. 



1, 
0. 
a . 



Therefore, for the Maximal Abelian gauge fixing* we get 



Smag = s g I d x 



" 'DfAl + % a - ^gf abl c*J - jgf abc c b c c ) + <*dpA\ 



(17) 



(18) 



We point out that the gauge fixing (j5J) is slightly more general that the one reported in 4 , which 
was in fact limited only to tree level aspects. As it will be shown in the rest of this article, the 
gauge fixing (jSJ) turns out to be suitable in order to establish the multiplicative renormalizability 
of the model. 



Let us now proceed by discussing the Lorentz breaking induced by the gauge (jHJ) and the way 
to control it. 



3 BRST quantization and the breaking of Lorentz invariance 

A problem to be faced in Yang- Mills theories quantized in the gauge (jH]) is that of the breaking of 
the Lorentz invariance. This problem was successfully treated in for the case of the Coulomb- 
Landau interpolating gauge. Here, we will use the same technique in order to control the Lorentz 
breaking. We refer thus to and references therein for all details. This section is then devoted 
to the treatment of the Lorentz breaking in the specific case of the CLM gauges. 



3.1 BRST quantization method 

Let us start by recalling the main steps of the BRST quantization method [HI El • For that we 
consider a general gauge model with classical action S(A) and coupling g, where A is the gauge 
field. The action S(A) is invariant under transformations of a certain Lie group G with elements 

u = e w E G\uj = uj A \ A , (19) 

where \ A are the group generators. The index A is used here as a general index, with arbitrary 
dimension. The algebra of the generators is, typically, given by 

[x A x B ] = f ABC x C^ (2Q) 



*As is known, the gauge parameter a has to be introduced for renormalization purposes. The real MAG 
condition, namely D^ l b A b fi = 0, is attained in the limit a — > 0, which has to be taken after renormalization 
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where f^ c are the structure constants of the group. The BRST method of quantization amounts 
to introduce a set of Lie algebra valued anticommuting fields, C = C A X A , for each generator 
of the symmetry, the so called ghost fields or Faddeev-Popov ghosts. Together with the ghost 
fields, a set of nilpotent transformations is obtained, giving rise to the BRST transformations. 
For the transformation of the ghost fields we have^ 

sC A = 9 -f ABC C B C c , (21) 

which is just the Maurer-Cartan structure equation of the Lie group. The operator s is the 
BRST operator. For the gauge field the BRST transformation is, in fact, obtained by replacing 
the group element parameter uj by the ghost field C, namely 

sA A = -(d,C A + gf ABC A B C c ), (22) 

ensuring thus the nilpotency of the BRST operator, s 2 = 0. 

From the gauge invariance of the action S (A), it follows that 

sS(A) = . (23) 

The quantization of the theory is achieved by introducing a gauge fixing in a BRST invariant 
way. Suppose that the constraint expressing the gauge condition is given by the equation 

f A (A) = . (24) 

The gauge fixed action then reads 

S = S(A) + sAj(f,C,C,b) , (25) 
where A.~j is a local polynomial with ghost number —1 and dimension four, 

Aj(f,C,C,b) = J d 4 x{c A [f A (A) + V] +5-\C,C)} . (26) 

Here b and C are respectively the Lautrup-Nakanishi and anti-ghost fields, transforming as a 
BRST doublet, i.e. 

sC = b, 

sb = . (27) 

The parameter a is a gauge parameter, and the polynomial function <5 -1 might be necessary for 
renormalizability purposes. For example, nonlinear gauges need a quartic ghost self-interaction 
generated, for instance, by 

5 -l = f ABC C A c B G C (28) 



^Notice that the appearance of the coupling constant g in eg. 12111 is just a matter of convention. Here we 
adopt a different convention than that employed in 0. 
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3.2 Controlling the Lorentz breaking 



Now we apply the BRST quantization method to our gauge fixing (|SJ). First, one has to identify 
the symmetries broken by the gauge fixing term. In our case these are: the local SU(N) gauge 
symmetry, the global color invariance due to the Abelian decomposition, eq.(^Q), and the Lorentz 
symmetry. Here, the Lorentz symmetry coincides in fact with the rotation group 0(4), because 
we are dealing with a four dimensional Euclidean space-time. Thus, we shall make use of a 
BRST symmetry associated to the large symmetry group SU(N) <8> 0(4), this will give rise 
to the introduction of a set of ghost fields which will enable us to control the gauge breaking 
together with the Lorentz breaking in a powerful and simple fashion. The algebra obeyed by 
the generators of this group is 

pabirpi 



rpa rpb 


jabcrpc 


[T a X l ] 


j abirpb 


[T\T j ] 


= o, 




— fpv"/5af3 




tab rpb 




— f ij 

J pV^ 1 



(29) 

where T a and T l are, respectively, the generators of the non- Abelian and Abelian part of the 
gauge group SU (N), and are the generators of the rotation group 0(4). As already explained 
in Section 2, the indices (a, b, c) refer to the N(N — 1) off-diagonal generators, while the indices 
label the (N — 1) diagonal generators of the Cartan subgroup of SU(N). The structure 
constants of 0(4) are given by 



1 



2 [(<V^ 



f pvpaafi 

while the mixed structure constants are found to be 



5pf3 + {SvpSpa 



(30) 



1 



' pv 



%vdp) i 



fij 
J i 



pv 



-5 tj (x^dv - x v d^) 



(31) 



In addition of the Faddeev-Popov ghost, |c a , c*}, corresponding to the gauge symmetry SU(N) 
we have to include further global ghosts, {V^}, associated with the global 0(4) symmetry 
breaking. These global ghosts, being space-time independent, will behave as external sources. 

According to the group structure (|29|) and to equation (|2Tj) . it is straightforward to deduce 
the BRST transformations of all ghosts 

sc a = gf aU c b c i + l f abc c b c c _ gV^x^c" , 
sc i = l f aU c a c b _ gViiuXixduC i 9 

SVpV = -gVf^yVyu . (32) 
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Also, for the BRST doublets one has 

sc" = b a , 

sc 1 = b l , 

sb a = 0, 

sV = . (33) 

The BRST transformations of the gauge fields are those corresponding to infinitesimal gauge 
transformations of the large group SU(N) (gs 0(4), maintaining the nilpotence of s, 

sA^ = -Dfc b -gf abc A^c c -gf ab *A b ^-gV^A a u -gV^d u A^, 

s4 = -<V - gf aU Alc b - gV^At - gV^d^ . (34) 



Such extended BRST symmetry (|32II34|) encodes the Lorentz rotations. As such, it is a general- 
ization of the previous one, eq.©. 

Notice that the extended BRST operator s can be decomposed into an ordinary BRST op- 
erator s g and a Lorentz BRST operator sl, 

s = s g + s L , (35) 

obeying 

s 2 = s 2 g = s\ = {s g , s L } = . (36) 
The operator s g corresponds to the pure gauge sector and is given in eq.©, together with 

s g V^ = . (37) 

The Lorentz BRST operator acts on the fields like 

s L Af = -g V^Atf - gV a px a d p Af , 

s L c a4 = -gV at3 x a d(]C a ' 1 , 

s L ^ = 0, 

= 0, 

slV^v = -gVpyVyv . (38) 



4 Renormalizability of the CLM gauges 

Having defined the structure of the BRST operator, we can write down the gauge fixing term 
which has to be added to the Yang- Mills action (J5J). This is done by replacing the ordinary BRST 
operator s g , in expression @, by the extended BRST operator s defined in (|32I34|) , Thus, 



S, 



d„Al + gK^f abi A b Al + ^b a - ^gf abt c b c 



a 



pabi-b A 



P r 



abc-b c c 



+ h^d^Ai 



(39) 
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fields / sources 


A 


V 


c 


c 


b 


n 


L 


M 


dimension 


1 








2 


2 


3 


4 


4 


ghost number 





1 


1 


-1 





-1 


-2 


-2 



Table 1: Dimension and ghost number of the fields and sources. 



yielding 

Sgf = [ <t'. { //' 



2' 

cabia -a Ab 



c d 



+ gK^AlM? + gK^f^A^DtV + g 2 K^f^f^c a c d A^Al 

+ g 2 K^f abi f bcj A^AZ<fd> + g 2 K fjLU f abi f bcd A i fJL A c u (fc d - ^g 2 f abi f cdi c^c b c c c d 

^r^r^tfc^ - ^ g 2 r bc r de c b ^c d A + g [ d A x { v [a^d^Ai + h^djAi) 



(40) 



+ F a/3 x Q (o^fyA^i? + h^dpA^J) + gK^f* 1 ? V \A\A\ + A* A 
+ S^/^'^^^cM^t - agf ab % u x^d u (?c?c* - ^gf abc V^x^<fc b c c 



4.1 Ward identities 

In order to establish the set of Ward identities describing the symmetries displayed by the gauge 
fixed action Q, one has to introduce external sources (Q, L, M) coupled to the nonlinear BRST 
transformations Thus, the complete action we will work with is 



where 

Sext 



£ — Sym + Sgf + S ex t , 



d A x (-0£A£ - ^4 + L a c a + LV) + 



(41) 



(IV 



d A x {-n« (Dfc h + gf M A b y + gf abc A b y + gV, u A a u + gV aP x a dpA<£) - ^ (d. 



+ gf abl A a / + gV^Al + gV a/3 x a dpA^ ) + gL a I / o0 W + - F^x^C 



a I ^afej b A 



pabcbc 



- ( \f abi c a c b - V^x^c' 



gMuvVu-fVyv . 



(42) 



Notice that V is a constant field, and so is M. The total set of fields and sources, with their 
corresponding ghost numbers and dimensions, is displayed in Tabled 

The complete action (JITj) obeys the following set of Ward identities: 
• The Slavnov- Taylor identity 



5(E) = 



(43) 
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with 

. . f , 4 / 8E 5E <5£ SE SE 5E 5E , n SE ,<5E\ 

v ; J \5n°5A° Sn^SA^ 5L a 5c a 5L l bc % 5c a Sc 1 J 
5E 6E 

+ SM^ SV^ ■ ( } 

• The diagonal gauge fixing and diagonal antighost equations 

— - h 8 A 1 

§ + h ^M = °" (45) 

• The linearly broken integrated diagonal ghost Ward identity 

/ d ' x (i + 9fab ^§) = 9fabl j d ' x ~ Lacb ) ■ (46) 



The M equation 



---gVynVfu. (47) 



The last Ward identity is possible only because V is a global ghost field. In addition, we also have 
a residual global U(l) N ~ l symmetry and a residual global 0(3) symmetry, corresponding to the 
three-space rotations. As shown in jSj, the [/(l)^ 1 global symmetry follows by anticommuting 
the diagonal ghost equation (|46|) with the Slavnov- Taylor identities (|44|). The 0(3) symmetry 
will be tacitly assumed in the construction of the counterterm. 

4.2 General invariant counterterm 

Let us face now the construction of the most general counterterm consistent with the symmetries 
of the action Q41JI . Following the algebraic renormalization theory [5] , this can be performed by 
adding a generic local field functional, E c , to the classical action (|4"T|) 

E = E + eE c , (48) 

where e is a small expansion parameter. Imposing now the Ward identities (1431451147^ . one 
obtains that E c has to fulfill the following set of constraints 

ByZ c = 0, 
5E C 



0: 



8¥ 

5E C , n 5E C 



V 



1 5c l 5b c 1 



5E 



c 



, (49) 



10 



where By is the nilpotent, ByBy = 0, linearized Slavnov- Taylor operator, 

f 4 / <5E S t <5S 5 <5S 5 t SE 5 , 5 

5T, S 5 5 ,.6 ,iSE\ 

H 1 r — t H r — r + b h 6 — r 

5c a 5L a 5L l 5c l 5c l 5L l 5c a 5c 1 J 

ST, 5 | 5 

+ 5M flu 5V fMU + SV^SM^ ' ( } 

From general cohomological arguments jHj, it follows that the first condition of eas. (|49|1 implies 
that S c can be written as 

S c = a S YM + ByA- 1 , (51) 

where A -1 is the most general local polynomial in the fields with dimension 4 and ghost number 
-1. Furthermore, from the constraints (|49|). it turns out that 

A" 1 = J (fx \a ia <f (b a - gf abi c b c^ + a b l3gf abc (f^c c + a 3 L a c a 



+ a^ySjjp d fl A cr + a^ u yk^crd^' ) d\,^ M c A^A^ 



where 



4^ = dia g ( a j > "j > a i > °i) • ( 53 ) 

Explicitly, ([52]) reads 

A" 1 = y <fx \a x ac a (b a - gf abi c b c^ + a b (igf abc (f^c c + a 3 L a c a + a & ac a DfA\ 

+ agcfDf 4 + aiafcta^/ "^^ + a 13 k s gf aH <?A b k Al + a 14 ^4 + a ls Sl%A% 

- aio + fij) 4 - an (d fc c? + fi* ) 4 } . (54) 

The parameters (ao, osi, a 3 , as, as, ag, aio, a ilj a i2> &13> «14, «15) are free independent constants. 
Thus, in order to establish the renormalizability of our model, we have to show that these 
twelve independent parameters can be reabsorbed in the action, through a renormalization of 
the fields, parameters and external sources. This will be the task of the next section. 

4.3 Stability 

It remains to show that the counterterm (|51|) can be in fact reabsorbed by means of a multi- 
plicative renormalization of the fields and parameters, according to 

S(0o, Jo, £0) = J, + e^ c (<p, J, + 0(e 2 ) , (55) 



11 



where 



r = zj'V, 

Co = (56) 



and 



<f> £ {A,c,c,V} , 

J e {n,L,M}, 

£ € {g,a,(3,a,h,k t ,k s } . (57) 

Due to the use of a non covariant gauge fixing, we shall distinguish the renormalization of the 
fourth component of the gluon field from the remaining three components, according to 



AO, 


= Z l fAl 


Ad 

A 0k 


= zfAt 




— z A /i 4 


A 0k 


= Z A ^k 



(58) 



The corresponding renormalization factors are given by 

Z A ' = 1 + e + a 14 

l + e(|-a 10 ) 



;l/2 



For the renormalization of the coupling constant one has 

Z 9 = l-e^. (60) 
For the space-time gauge parameters a and h the renormalization factors reads 



Z a = 1 + e (a s - ag) , 

7, - 1/2 ~-l/2 



(61) 
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while for the gauge group parameters we have 



Z a = 1 + e (ao + 2ai — 2ag) , 

Zp = 1 + e (ao - 4a 5 - 2a 9 ) , 

Z fcj = 1 + e (-as + ai 2 ) , 

Z ks = 1 + e (-eg + 013) • (62) 



The Faddeev-Popov ghosts renormalize according to 



Zl 12 = l + e(-a 3+ a f 
ZJ = 1 + e [a 9 - — 

z l /2 = zl 12 = 1 + = Z-V^'\ (63) 



For the Lagrange multipliers we obtain 

'~ 2 



zl 12 = i + e(- a 4 +a9 ) = zy\-^ z y 2 



1/2 -1/2 
z b — Z A 

and, for the external sources f2 and L 



-z 1 f an i *\ v-i/2 1/4,7-1/2 

Zn = 1 - e ^— + oi4 j = ^ 7 ^4 Z A 



1 / an i ~\ -7-1/2 1/4,7-1/2 



^ 2 ' ~-"7 s A A 

-1 1 / a n\ -7-1/2 1/4—1/2 
«0 = 1 + e ( aio —J = ^ 9 2a z a 



1 + ^ = ^ V V /4 , 



(64) 



^ = z^z-^z-y\ 

zl = Z- X z- X . (65) 
Finally, the Lorentz ghost and its associated BRST external source renormalize as 

Z l/2 - z 1 ' 2 



Z-h- 1 . (66) 



This ends the proof of the multiplicatively renormalizability of Yang-Mills theory quantized 
in the general interpolating gauge J5J. 



5 Conclusions 

In this work we have proven the renormalizability of a generalized gauge fixing which interpo- 
lates between the Coulomb, the Landau and the maximal Abelian gauges. 
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It is worth underlining that all these three gauges are extensively used in lattice numerical 
simulations. The introduction of such a generalized interpolating gauges seems thus appropri- 
ate, as it could be helpful in order to achieve a kind of unifying understanding of the physical 
operators in all these gauges. 
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A Minimizing functional 

In this Appendix we discuss the possibility of introducing a suitable minimizing functional for the 
interpolating gauge, a feature which could allow for a lattice implementation of this generalized 
gauge fixing. For that, we shall consider the interpolating gauge (jSJ) when 

h ->• k , 
k s ► k i 

P -► a, (67) 

which gives 

S d ass = J d*x {b a [a^Al + (k- l)gf aU a^A b v + V - agf ab ^J - ^gf abc c b c c 
+ &Va M 4 + <? aflu DfD b u c c c + ta^d^ (dj + gf abi A a u c b ) + g^f^a^D^A^ 
+ g^a^Df (f bcd Alc d ) - g 2 f abi f^c^A^ - ^g 2 f^f cd ^c b c c c d 
- ^ 2 / a6 7 adi cVc d c i - ^g 2 f abc f ade c b c c c d c e + kgf abi a^A'f l d u c i c b 
+ kg 2 r U f dl ( fl c d a liV A\Al + kg 2 f M f** 'a^A^cP + kgf^a^D^ 
+ kg 2 r u r d a^Alc d c b } . (68) 

This expression coincides with the gauge fixing introduced in 0], which interpolates between 
the Coulomb, Landau and MAG as well. In order to achieve the real MAG condition, i.e. 
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D^A b = 0, the limit a — > has to be taken, namely 

Sclass 



■abi„ \i Ab 



+ Va^Al + <?a lu/ DfD l ?<?+ 



= J d 4 x{b a [a^d«A a u + (k-l)gf 
+ (d v J + gf abi A a v c b ) + gcff^a^Ay - gcfa^Df (j bcd A c v c> 

+ kg 2 f abi f b ^a„ v AiA a v cfc> + kgf aU a 



-> bl ^ u A^D a u c c c c b + kg 2 r b *r 



a ^vA l ^A^c d c b ^ . 



The gauge fixing conditions which stem from expression Q69j) are now easily seen to be derived 
by requiring that the following field functional 



(70) 



is stationary under the action of infinitesimal gauge transformations. This requirememnt gives 
precisely the gauge fixing conditions corresponding to ()69j) . i.e. 



a, v {DfA b u + kgf^AlA u 



(^fj,i/d^,A u 



0. 

. 



(71) 



One sees thus that a suitable minimizing functional can be associated to the interpolating gauge 
(1123), providing thus a useful way to implement it on the lattice. 
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